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PREFACE 
Water  r e s o u r c e  s y s t e m s  h a v e  been  a n  i m p o r t a n t  p a r t  o f  
r e s o u r c e s  a n d  e n v i r o n m e n t  r e l a t e d  r e s e a r c h  a t  IIASA s i n c e  i t s  
i n c e p t i o n .  A s  demands f o r  w a t e r  i n c r e a s e  r e l a t i v e  t o  s u p p l y ,  
t h e  i n t e n s i t y  a n d  e f f i c i e n c y  o f  w a t e r  r e s o u r c e s  management mus t  
b e  d e v e l o p e d  f u r t h e r .  T h i s  i n  t u r n  r e q u i r e s  a n  i n c r e a s e  i n  t h e  
d e g r e e  o f  d e t a i l  a n d  s o p h i s t i c a t i o n  o f  t h e  a n a l y s i s ,  i n c l u d i n g  
economic ,  s o c i a l  and  e n v i r o n m e n t a l  e v a l u a t i o n  o f  w a t e r  r e s o u r c e s  
deve lopmen t  a l t e r n a t i v e s  a i d e d  by a p p l i c a t i o n  o f  m a t h e m a t i c a l  
m o d e l l i n g  t e c h n i q u e s ,  t o  g e n e r a t e  i n p u t s  f o r  p l a n n i n g ,  d e s i g n ,  
and  o p e r a t i o n a l  d e c i s i o n s .  
Dur ing  t h e  y e a r  o f  1978 it was d e c i d e d  t h a t  p a r a l l e l  t o  t h e  
c o n t i n u a t i o n  o f  demand s t u d i e s ,  a n  a t t e m p t  would b e  made t o  i n -  
t e g r a t e  t h e  r e s u l t s  o f  o u r  s t u d i e s  o n  w a t e r  demands w i t h  w a t e r  
s u p p l y  c o n s i d e r a t i o n s .  T h i s  new t a s k  was named " R e g i o n a l  Water  
Management" ( T a s k  1 ,  R e s o u r c e s  a n d  Env i ronmen t  A r e a ) .  
Al though  t h i s  p a p e r  d o e s  n o t  r e f e r  e x p l i c i t l y  t o  w a t e r  
r e s o u r c e s ,  it i s  c o n c e r n e d  w i t h  t h e  p rob lems  o f  p r i m a r y  impor-  
t a n c e  t o  w a t e r  r e s o u r c e s  p l a n n i n g .  I n  s e v e r a l  c o u n t r i e s  v e r y  
s i g n i f i c a n t  c a p i t a l  i n v e s t m e n t s  are b e i n g  made a n d  c o n t e m p l a t e d  
f o r  t h e  f u t u r e  f o r  w a t e r  s u p p l y  p r o j e c t s  o f  i n c r e a s i n g  s i z e .  
The p u r p o s e  o f  t h e s e  p r o j e c t s  i s  t o  s a t i s f y  f u t u r e  w a t e r  demands 
which  o f t e n  a r e  e s t i m a t e d  ( p r e d i c t e d )  o n  t h e  b a s i s  o f  s t a t i s -  
t i c a l l y  d e r i v e d  demand r e l a t i o n s h i p s .  
The p a p e r  examine  some o f  t h e  m a j o r  p r o b l e m s  and d i f f i c u l -  
t i es  i n v o l v e d  i n  t h e  u s e  o f  s t a t i s t i c a l l y  d e r i v e d  r e l a t i o n s h i p s  
f o r  l o n g - t e r m  i n f e r e n c e  i n t o  t h e  f u t u r e .  
J a n u s z  K i n d l e r  
Task L e a d e r  
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BASIC PROBLEMS OF LONG-TERM 
INFERENCE I N T O  THE FUTURE 
Zbigniew Pawlowski 
1 .  THE DEFINITION OF LONG-TERM 
INFERENCE I N T O  THE FUTURE 
W e  s h a l l  c o n s i d e r  t h e  s r o b l e n  of  long-term i n f e r e n c e  i n t o  
t h e  f u t u r e .  L e t  
be t h e  model which i s  t o  be used f o r  t h i s  purpose.  I n  ( 1 )  Y 
denotes  t h e  endogenous v a r i a b l e  whose va lue  a t  t h e  f u t u r e  t i m e  
T i s  t o  be fo re seen  wh i l e  t h e  X i ' s  a r e  t h e  e x p l a n a t o r y  v a r i a b l e s  
and [ i s  t h e  random component o f  t h e  model. L e t  t l  deno te  t h e  
p r e s e n t  t i m e  pe r iod  and l e t  To be t h e  t i m e  i n t e r v a l  from which 
s t a t i s t i c a l  d a t a  w e r e  used f o r  t h e  e s t i m a t i o n  o f  model ( 1 )  . 
I t  must be  observed t h a t  t h e  problem of  long-term i n f e r e n c e  
i n t o  t h e  f u t u r e  occu r s  n o t  o n l y  when t h e  d i f f e r e n c e  T - t l  i s  
l a r g e  b u t  such may be a l s o  t h e  s i t u a t i o n  when T - t l  i s  r e l a t i v e -  
l y  small ,  p rov ided  T i s  very  d i s t a n t  from To. I n  t h e  l a t t e r  c a s e  
w e  a r e  conf ron ted  by a  s p e c i a l  c a s e  o f  long-term i n f e r e n c e  i n t o  
t h e  f u t u r e  due t o  t h e  f a c t  t h a t  t h e  model t o  be  used i s  o u t d a t e d .  
- 1 -  
Long-term i n f e r e n c e  i n t o  t h e  f u t u r e  c r e a t e s  s p e c i a l  prob- 
lems because very o f t e n  one can doubt i f  i n  f a c t  i t  w i l l  
f u l f i l l  t h e  b a s i c  p r e c o n d i t i o n s  f o r  such i n f e r e n c e .  For  t h e  
sake of c l a r i t y  o f  e x p o s i t i o n  l e t  us remind t h e  r e a d e r  t h e s e  
f i v e  p recond i t ions  (see Pawlowski ( 7  973a) ) . 
1 )  I f  p r e d i c t i o n  o r  f o r e c a s t 1 )  f o r  Y i s  souqht  then  a  model 
must be had, such t h a t  Y p lays  t h e  r o l e  of  t h e  endogenous 
v a r i a b l e  of  t h a t  model. 
2 )  The model must be v a l i d  n o t  on ly  f o r  To bu t  f o r  t h e  
whole t i m e  i n t e r v a l  from t h e  beginning of  To up t o  t h e  
end of  T .  
3) The p r o b a b i l i t y  d i s t r i b u t i o n  of  5 must be t h e  same i n  
To and i n  t i m e  T. 
4 )  The v a l u e s  o f  t h e  explana tory  v a r i a b l e s  X , , X  2 , - . . , %  
a t  t i m e  T must be known a t  t i n e  t 7 '  
5 )  The model used f o r  i n f e r e n c e  i n t o  t h e  f u t u r e  can be , 
e x t r a p o l a t e d  o u t s i d e  t h e  sample-observed range of  
v a r i a t i o n  of  i t s  explana tory  v a r i a b l e s .  
Obviously, when t h e  d i s t a n c e  between T and To i s  l a r g e ,  
it i s  q u i t e  l i k e l y  t h a t  a  number of  t h e s e  p recond i t ions2 )  w i l l  n o t  
be m e t ,  and t h i s  i s  e s p e c i a l l y  t r u e  o f  p recond i t ions  ( 2 ) ,  ( 3 )  
and ( 4 ) .  A s  it w i l l  be shown i n  t h e  subsequent  s e c t i o n s  of 
t h i s  paper ,  long-term i n f e r e n c e  i n t o  t h e  f u t u r e  i s  s t i l l  
I )  The d i s t i n c t i o n  between a  p r e d i c t i o n  and a  f o r e c a s t  is connected 
wi th  t h e  type  o f  model used f o r  i n f e r e n c e  i n t o  t h e  f u t u r e  and 
w i l l  be  exp la ined  i n  s e c t i o n  3 .  
2, L e t  us no te  t h a t  t h e s e  p recond i t ions  can be  looked upon a s  
the necessary  c o n d i t i o n s  f o r  making any i n f e r e n c e  i n t o  t h e  
f u t u r e .  While they  do n o t  guarantee  a  good r e s u l t ,  one can 
see t h a t  t h e  i n f e r e n c e  w i l l  be void of  l o g i c a l  and probabi l -  
i s t i c  grounds i f  a t  l e a s t  one of t h e s e  p recond i t ions  i s  not  
f u l f i l l e d .  
p o s s i b l e  i f  t h e  model g e t s  o b s o l e t e  i n  a  slow way, i . e .  when 
t h e  changes which occu r  i n  t h e  t r u e  r e l a t i o n  between Y and 
X I  , X 2 , .  . . , X and i n  t h e  d i s t r i b u t i o n  of 5 a r e  r a t h e r  r e g u l a r  k  
and smooth. Also t h e  problem of  p r e c o n d i t i o n  ( 4 )  r e q u i r i n g  an 
e x a c t  knowledge o f  t h e  va lues  of  e x p l a n a t o r y  v a r i a b l e s  a t  t i m e  
T can be circumvented.  For t h i s  reason  it i s  sometimes s a i d  
t h a t  t h e  long-term i n f e r e n c e  i n t o  t h e  f u t u r e  from a  model can 
be made under r e l a x e d  b a s i c  p r e c o n d i t i o n s .  
2.  SOME MAJOR PROBLEMS AND DIFFICULTIES 
There i s  a  number o f  s i t f a l l s  a  s t a t i s t i c i a n  i s  conf ron ted  
wi th  when us ing  a  model of t y p e  ( 1 )  f o r  long- term i n f e r e n c e  
i n t o  t h e  f u t u r e .  R e s t r i c t i n g  ou r  a t t e n t i o n  t o  t h e  most impor- 
t a n t  ones ,  one must t a k e  i n t o  account  t h e  fo l lowing  p o s s i b i l i t i e s :  
a )  The f u n c t i o n a l  form o f  t h e  model, i . e .  t h e  t ype  o f  
f u n c t i o n  f ,  may change i n  t i m e .  
b )  While t h e  t y p e  o f  f u n c t i o n  r e p r e s e n t e d  by f  remains t h e  
same from To up t o  t ime T I  t h e r e  a r e  changes i n  t h e  
va lues  o f  t h e  parameters  which e n t e r  func t ion  f .  
c )  The va lues  of  t h e  exp lana to ry  v a r i a b l e s  X 1 , X 2 ,  ..., Xk 
( o r  of  some o f  them) a r e  n o t  known a t  t ime f l  when 
i n f e r e n c e  i s  made. 3 )  
d )  The p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  random component 5 
o f  t h e  model may change i n  t ime ,  changing t h u s  t h e  
degree  o f  accuracy  wi th  which t h e  model d e s c r i b e s  t h e  
behav io r  of  Y .  
' ) Le t  us  observe  t h a t  t h i s  p r e c o n d i t i o n  i s  a u t o m a t i c a l l y  
s a t i s f i e d  when ( 1 )  r e p r e s e n t s  a  t r e n d  model s i n c e  t h e  o n l y  
e x p l a n a t o r y  v a r i a b l e  i s  then  t ime v a r i a b l e  whose va lue  a t  
t i n e  T i s  obv ious ly  known. 
e )  New f a c t o r s  may a r i s e  and i n f l u e n c e  Y whi le  some of  
t h e  exp lana to ry  v a r i a b l e s  appear ing i n  t h e  model may 
cease  t o  be r e l e v a n t .  
I n  any p r a c t i c a l  c i rcumstances  t h e  s t a t i s t i c i a n  may be 
confronted  wi th  j u s t  one o f  t h e  dangers e l i c i t e d  h e r e  o r  he 
may be faced  wi th  a  combination o f  a  number o f  them. Unfor- 
t u n a t e l y ,  one cannot  t e l l  i n  advance which o f  t h e  s i t u a t i o n s  
i s  most l i k e l y  t o  occur  no r  it would be c o r r e c t  t o  c l a im t h a t  
t h e r e  i s  any g e n e r a l  r e l a t i o n  between t h e  s i z e  o f  p r o b a b i l i t y  o f  
such a  danger and t h e  d i s t a n c e  between To and T. There a r e  
v a r i a b l e s  whose behavior  i n  t i m e  i s  very r e g u l a r  and t h e r e  a r e  
so e r r a t i c  t h a t  it i s  most d i f f i c u l t  t o  f o r e s e e  t h e i r  
va lues  even i n  t h e  c a s e  o f  shor t - run  i n f e r e n c e .  
3 .  TERMINOLOGY 
Before w e  s t a r t  t o  d i s c u s s  t h e  f i v e  c a s e s  l i s t e d  i n  t h e  
s r e v i o u s  s e c t i o n ,  w e  s h a l l  i n t roduce  a  number of  t e rmino log ica l  
d e f i n i t i o n s  which w i l l  f a c i l i t a t e  o u r  e x p o s i t i o n .  
By p r e d i c t i o n  o r  f o r e c a s t  w i l l  be denoted hencefor th  t h e  
numerical  r e s u l t  o f  i n f e r e n c e  i n t o  t h e  f u t u r e ,  t h e  term "predic-  
t i o n "  r e f e r r i n g  t o  t h e  case  when t h e  model ( 1 )  i s  a  c a u s a l  one 
and t h e  t e r m  " f o r e c a s t "  r e f e r r i n g  t o  a l l  o t h e r  types  of  
models. ') Accordingly,  t h e  v a r i a b l e  t o  which r e f e r s  t h e  pro- 
c e s s  o f  i n f e r e n c e  i n t o  t h e  f u t u r e  w i l l  be  c a l l e d  t h e  p r e d i c t e d  
( o r  t h e  f o r e c a s t )  v a r i a b l e .  
~ h e s e  may be ,  f o r  i n s t a n c e ,  t rend-  and periodic-movement 
models, s t o c h a s t i c  p rocess  models, a d a p t i v e  models, e tc .  
F u t u r e  t i m e  p e r i o d  T  f o r  which ? r e d i c t i o n  o r  f o r e c a s t  i s  
s o u g h t  w i l l  b e  r e f e r r e d  t o  a s  t h e  p r e d i c t e d  t i m e  p e r i o d .  
The d i s t a n c e  between t h e  p r e d i c t e d  t i m e  p e r i o d  and t h e  
p r e s e n t  one ,  i . e .  t h e  d i f f e r e n c e  T - t l  , i s  known as t h e  p r e d i c -  
t i o n  ( o r  f o r e c a s t )  l e a d  w h i l e  t h e  d i s t a n c e  between T and To w i l l  
b e  termed t h e  p r e d i c t i v e  d e l a y  o f  t h e  model.  5 
4 .  VARIABILITY OF STRUCTURAL PARAMETERS 
F i r s t ,  w e  s h a l l  d i s c u s s  t h e  problem o f  v a r i a b i l i t y  o f  
s t r u c t u r a l  p a r a m e t e r s  o f  t h e  model. Three  t y p i c a l  s i t u a t i o n s  
must b e  c o n s i d e r e d ,  namely: a )  s t r u c t u r a l  p a r a m e t e r s  e x h i b i t  
c o n t i n u o u s  and r a t h e r  r e g u l a r  s h i f t s  i n  t i m e ,  b )  t ime-changes 
o f  p a r a m e t e r s  are s o  e r r a t i c  t h a t  t h e y  can b e  c o n s i d e r e d  random, 
c)  s t r u c t u r a l  p a r a m e t e r s  change i n  t i m e ,  i n  r e l a t i o n  t o  changes  
o f  a t h i r d  ( o b s e r v a b l e )  v a r i a b l e .  
4 . 1 .  Regular  S h i f t s  o f  P a r a m e t e r s  i n  T i m e  
For  t h e  s a k e  o f  eas ier  argument l e t  u s  assume model ( 1 )  t o  
b e  a l i n e a r  o n e ,  s o  t h a t  t h e r e  i s  
The s i m p l e s t  way t o  cope  w i t h  t h i s  t y p e  o f  p a r a m e t e r  s h i f t s  i s  
t o  assume Bi's t o  be  some e x p l i c i t  f u n c t i o n  o f  t i m e .  Plost o f t e n  
l i n e a r  changes  a r e  assumed 
5 ) ~ o  s h o r t e n  t h e  argumenf w e  s h a l l  use  h e n c e f o r t h  o n l y  t h e  t e r m  
p r e d i c t i o n  u n l e s s  t h e  model e x p l i c i t l y  h a s  t h e  form which 
p e r m i t s  u s i n g  it f o r  f o r e c a s t i n g  o n l y .  
where t d e n o t e s  t i m e  v a r i a b l e .  S u b s t i t u t i n g  ( 3 )  i n t o  ( 2 )  l e a d s  
t o  a new model 
A s  i s  e a s i l y  s e e n ,  t h i s  i s  a g a i n  a  l i n e a r  model i n  which ,  
b e s i d e s  t h e  o r i g i n a l  e x p l a n a t o r y  v a r i a b l e s  X i ' s ,  a p p e a r  new 
o n e s ,  namely t X i t s  which c a n  be  i n t e r p r e t e d  a s  i n t e r a c t i o n  o f  
t i m e  and  Xi. Once t h e  model (5) i s  e s t i m a t e d ,  t h e  e s t i m a t e s  
bi ' s o f  Bi  s p r o v i d e  i n f o r m a t i o n  a b o u t  t h e  d i r e c t i o n  and mag- 
n i t u d e  o f  s t r u c t u r a l  p a r a m e t e r  changes .  
F o r  p r e d i c t i o n  p u r p o s e  t h e  s t r u c t u r a l  p a r a m e t e r s  must  b e  
a d j u s t e d  f o r  t i m e  T  and h e n c e ,  p r e d i c t i o n  v a l u e  i s  c o q u t e d  
from t h e  model 
where XiT d e n o t e s  t h e  v a l u e  o f  Xi assumed f o r  p e r i o d  T. I f  t h e  
p r i n c i p l e  o f  u n b i a s e d  p r e d i c t i o n  i s  used6)  t h e n  p r e d i c t i o n  i s  
e q u a l  t o  t h e  r i g h t - h a n d  s i d e  o f  ( 6 )  i n  which 5 h a s  been p u t  
e q u a l  t o  z e r o .  
Sometimes one  does  n o t  have  enough a  p r i o r i  g rounds  t o  
assume l i n e a r  ( o r  any o t h e r  s p e c i f i c )  t i m e  v a r i a t i o n  o f  p a r a -  
meters. I f  t h e  l e n g t h  o f  t i m e  series used f o r  e s t i m a t i o n  o f  
6 ) ~ h e  p r i n c i p l e  o f  u n b i a s e d  p r e d i c t i o n  c o n s i s t s  i n  s e t t i n g  
p r e d i c t i o n  e q u a l  t o  t h e  e x p e c t e d  v a l u e  o f  t h e  p r e d i c t e d  
v a r i a b l e  i n  t i m e  T.  
t h e  model i s  l a r g e  enough one can i n f e r  about  t h e  c h a r a c t e r  of  
such changes by a n a l y z i n g  sample d a t a .  
L e t  n be t h e  nunber o f  s ampleobse rva t ions  and l e t  m be a  
p o s i t i v e  i n t e g e r  much s m a l l e r  t han  n.  The e x i s t i n g  t i m e  series 
d a t a  a r e  t hen  used t o  g e n e r a t e  n-m+l subsamples.  The f i r s t  sub- 
sample i n c l u d e s  t h e  d a t a  r e f e r r i n g  t o  m p e r i o d s  o f  t i m e  - from 
t h e  f i r s t  t o  t h e  m-th sample y e r i o d ,  t h e  second subsample i n c l u d e s  
t h e  d a t a  from t h e  second t i l l -  t h e  ( m + l ) t h  sample p e r i o d ,  e t c . ,  
and t h e  l a s t  subsample i s  based on t h e  d a t a  from t h e  (n-m+l ) t h  
p e r i o d  up t o  t h e  l a s t  sample p e r i o d .  
Each subsample i s  used t o  e s t i m a t e  t h e  model ( 2 ) .  Thus, 
f o r  every  parameter  Bi t h e r e  a r e  n-m+l e s t i m a t e s  o rde red  i n  
t i m e .  P l o t t i n g  t h e s e  e s t i m a t e s  a g a i n s t  t i m e  can u s u a l l y  g i v e  
an i d e a  a s  t o  how t h e  v a r i o u s  Bils change i n  t i m e  - i f  t h e y  
change a t  a l l .  7 
4 . 2 .  Random V a r i a t i o n  o f  S t r u c t u r a l  Parameters  
Such v a r i a t i o n  can b e s t  be d e t e c t e d  by u s i n g  t h e  approach 
o f  c o n s e c u t i v e  subsarnples, d e s c r i b e d  above. I f  t h e  sequence o f  
paramete r  e s t i m a t e s  i s  e r r a t i c  and t h e  v a r i a n c e  o f  observed 
e s t i m a t e s  i s  high8)  t h e n  one can conclude t h a t  t h e  cor responding  
s t r u c t u r a l  pa ramete r  changes i t s  va lue  from p e r i o d  t o  p e r i o d  i n  
a  random way. 
' ) ~ t  i s  q u i t e  conce ivab le  t h a t  whi le  some s t r u c t u r a l  pa ramete rs  
va ry  i n  t i m e  o t h e r  remain c o n s t a n t .  
* )The  assumption of  h i g h  v a r i a n c e  i s  e s s e n t i a l .  I n  t h e  ca se  of 
sma l l  d i f f e r e n c e s  o f  consecu t ive  e s t i m a t e s  one should  r a t h e r  
conclude t h a t  t h e s e  e s t i m a t e s  vary  i n  a  random way wh i l e  t h e  
t r u e  parameter  v a l u e  remains c o n s t a n t  i n  t i m e .  
P r e d i c t i o n  can then  be made us ing  one o f  t h e  fo l lowing  
two approaches:  1 ) ave rag ing  p r e d i c t i o n  w i t h  r e s p e c t  t o  random 
v a r i a t i o n  o f  parameters ,  2 )  us ing  t h e  o p t i m i s t i c  and p e s s i m i s t i c  
p r e d i c t i o n s .  The two approaches w i l l  be b r i e f l y  o u t l i n e d  i n  
s e c t i o n  6 of  t h i s  paper .  3 
4.3. V a r i a t i o n  Induced by a  Thi rd  Var i ab l e  
There a r e  c a s e s  when a  s t r u c t u r a l  parameter  i s  a  f u n c t i o n  
( d e t e r m i n i s t i c  o r  s t o c h a s t i c )  o f  a  t h i r d  v a r i a b l e .  I n  p r a c t i c e ,  
such v a r i a b l e  can be u s u a l l y  i d e n t i f i e d  by t h e o r e t i c a l  argument 
us ing  a v a i l a b l e  s u b j e c t - m a t t e r  knowledge o r  e m p i r i c a l  ev idence  
r e f e r r i n g  t o  t h e  a r e a  t o  which be longs  t h e  p r e d i c t e d  v a r i a b l e .  
Once such t h i r d  v a r i a b l e  has  been i d e n t i f i e d  - l e t  us  deno te  it 
by Z - t h e  problem reduces  t o  a  s imple  one.  
One may e i t h e r  use  t h e  approach s i m i l a r  t o  t h a t  d e s c r i b e d  
i n  (a)  us ing ,  i n s t e a d  o f  equa t ion  ( 3 )  a  s i m i l a r  model, namely 
which e v e n t u a l l y  l e a d s  t~ t h e  ?.ode1 wi th  i n t e r a c t i o n s  o f  X i ' s  
w i t h  Z 
A l t e r n a t i v e l y  - and t h i s  i s  e s p e c i a l l y  u s e f u l  i n  non- l inear  
models - one can assune a s t r u c t u r a l  2arameter  t o  be  propor-  
t i o n a l  t o  v a r i a b l e  Z .  A s  an example, we p r e s e n t  a  s imple  
  he method o f  b u i l d i n g  o p t i n i s t i c  and p e s s i m i s t i c  p r e d i c t i o n s  
has  been d e s c r i b e d  i n  a d e t a i l e d  way i n  Pawlowski (1978a) .  
modi f i ca t ion  o f  Cobb-Douglas p roduc t ion  f u n c t i o n  (see Pawlowski, 
1 9 7 0 )  where t h e r e  a r e  two a u x i l i a r y  v a r i a b l e s  Z 1  and Z 2 :  
where Q denotes  o u t p u t ,  L i s  l a b o r  i n p u t ,  K s t a n d s  f o r  c a p i t a l ,  
Z y f o r  t e c h n i c a l  equipment of  l a b o r  and Z 2  i s  a  v a r i a b l e  measuring 
t h e  l e v e l  o f  manager ia l  a b i l i t y .  A s  i s  s e e n ,  c o n t r a r y  t o  t h e  
c l a s s i c a l  Cobb-Douglas p roduc t ion  f u n c t i o n ,  t h e  exponents o f  L 
and K a r e  n o t  c o n s t a n t  b u t  vary acco rd ing  t o  changes o f  Zland.Z2.  
A s  i n  t h e  c a s e  of  t ime-va r i a t i on  o f  parameters fwhen  making 
p r e d i c t i o n ,  one must s e t  t h e  v a l u e s  o f  t h i rd -va r i ab l e -dependen t  
parameters  a t  t h e  l e v e l  cor responding  t o  t h e  va lue  assumed f o r  
Z v a r i a b l e  i n  t i n e  T.  
5 .  UNCERTAINTY ABOUT THE FUNCTIONAL 
FORM OF THE MODEL 
While t h e r e  a r e  u s u a l l y  few reasons  why t h e  f u n c t i o n a l  
form o f  t h 2  model ( i . e .  t h e  c l a s s  o f  f  f u n c t i o n )  should  change 
i n  t i m e ,  one i s  ve ry  o f t e n  con f ron ted  wi th  t h e  s e r i o u s  problem 
o f  u n c e r t a i n t y  if t h e  e s t i m a t e d  f u n c t i o n a l  form i s  . r e a l l y  t h e  
c o r r e c t  one.  The problem i s  e v e r  p r e s e n t  i n  any econometr ic  
a n a l y s i s  b u t  it i s  e s p e c i a l l y  i n p o r t a n t  when a  long-term i n f e r -  
ence i n t o  t h e  f u t u r e  i s  sought .  With l a r g e  p r e d i c t i o n  ( o r  fo re -  
c a s t i n g )  l e a d  even smal l  e s t i m a t i o n  e r r o r s  o f  f u n c t i o n  f  w i t h i n  
t h e  observed sample v a r i a t i o n  o f  exp lana to ry  v a r i a b l e s  may become 
very  s u b s t a n t i a l  when us ing  t h e  model w e l l  o u t  o f  t h e  observed  
r eg ion  o f  v a r i a t i o n  of  exp lana to ry  v a r i a b l e s .  10)  
' O ) ~ n d  t h i s  p r e c i s e l y  ha?penn q u i t e  o f t e n  when long-term i n f e r -  
ence i s  needed. A s  most o f  t h e  ex2 lana to ry  v a r i a b l e s  e x h i b i t  
monotonic t r e n d s ,  t h e i r  v a l u e s  cor responding  t o  p e r i o d s  i n  
a  d l s t a n t  f u t u r e  w i l l  obv ious ly  c o i n c i d e  wi th  va lues  observed 
in the s a n n l ~  
S i n c e  t h e  s i t u a t i o n  i s  e s p e c i a l l y  t y p i c a l  when a  t r e n d  model 
is  used t h e  f o l l o w i n g  arguments w i l l  assume t h e  model t o  have t h e  
form 
G e n e r a l i z a t i o n  o f  t h e  r e s u l t s  t o  o t h e r  c l a s s e s  o f  models i s  
s t r a i g h t f o r w a r d .  
Two approaches  a t  l e a s t  can be recommended t o  cope w i t h  
t h e  problem. The f i r s t  o f  them c o n s i s t s  i n  c o n s t r u c t i n g  t h e  
r e g i o n  o f  f u n c t i o n a l  u n c e r t a i n t y  o f  i n f e r e n c e .  L e t  u s  suppose  
t h a t  u s ing  sample d a t a  it i s  p o s s i b l e  t o  f i n d  a  number o f  t r e n d  
f u n c t i o n s  which f i t  t h e s e  d a t a  w i th  roughly  t h e  same deg ree  o f  
accuracy .  L e t  t h e s e  t r e n d  f u n c t i o n s  be  f ,  ( t )  ,f 2  ( t )  ,. . . , f s  ( t )  .
The n e x t  s t e p  i s  t o  s e e k  among t h e s e  t r e n d  f u n c t i o n s  such 
a  one which g i v e s  t h e  h i g h e s t  f o r e c a s t  o f  Y a t  t i m e  T and 
a n o t h e r  t r e n d  f u n c t i o n  which, f o r  t h e  same p r e d i c t e d  t i m e  p e r i o d ,  
g i v e s  t h e  l owes t  f o r e c a s t .  S i n c e  t h e  way t h e  f i ( t )  f u n c t i o n s  
a r e  a l l o t t e d  t h e i r  numbers i s  a r b i t r a r y ,  w e  can assume t h e  
f u n c t i o n  g i v i n g  t h e  h i g h e s t  f o r e c a s t  t o  be f  , ( t)  and t h a t  g i v i n g  
* * 
t h e  l owes t  one t o  be f, (t). L e t  us  now p u t  f ,  (T) 
= yT and 
* * **  
f s  (T) = yT . The i n t e r v a l  [yT,  yT ] i s  t h e  r e g i o n  o f  f u n c t i o n a l  
u n c e r t a i n t y  o f  i n f e r e n c e  I )  and ~ r o v i d e s  t h e  range o f  v a l u e s  o f  
t h e  p r e d i c t e d  v a r i a b l e  which one must t a k e  i n t o  accoun t  because  
o f  doub t s  a s  t o  t h e  r i g h t  form o f  t h e  t r e n d  f u n c t i o n .  Obvious ly ,  
t h e  s i t u a t i o n  i s  t h e  b e t t e r a s  t h e  i n t e r v a l  i s  nar rower .  
'"The t e r m  " r e g i o n  o f  u n c e r t a i n t y "  i s  due t o  t h e  f a c t  t h a t ,  
g e n e r a l l y  speak ing ,  one may c o n s i d e r  a  number o f  p r e d i c t e d  
t i m e  2 e r i o d s  T , ,T  ..., Ts and one i s  l e a d  t o  c o n s i d e r  t h e n  
a  r e g i o n  comprlsedfbetween t h e  g r aphs  o f  f u n c t i o n s  y i v i n g  
f o r  T , , T  2 , - . . t T p  t h e  h i g h e s t  and t h e  l o w e s t  v a l u e s  o f  f o r e c a s t s .  
Let  yT deno te  t h e  average f o r e c a s t  1 2 )  computed by us ing  
t h e  f u n c t i o n s  f i ( t ) .  The r a t i o  
can be regarded a s  a measure o f  accuracy o f  i n fo rma t ion .  
The second approach a p p l i e s  aga in  t o  t r e n d  f u n c t i o n s  
f  ( t )  ,f 2  ( t )  ,. . . , f s  ( t )  . For each one of  them, t h e  corresponding 
d i f f e r e n c e  o r  d i f f e r e n t i a l  equa t ion  i s  o b t a i n e d .  Once t h i s  i s  
done, such equa t ion  i s  s u b j e c t  t o  t h e o r e t i c a l  and e m p i r i c a l  
a n a l y s i s .  The purpose o f  t h e  f i r s t  one i s  t o  f i n d  i f  t h e  
equa t ion  i s  c o n s i s t e n t  wi th  t h e  e x i s t i n g  t h e o r e t i c a l  knowledge 
about  t h e  p r e d i c t e d  v a r i a b l e .  This  t h e o r e t i c a l  a n a l y s i s  i s  
supplemented by an e m p i r i c a l  one,  t h e  aim o f  which i s  t o  p rov ide  
in format ion  i f  t h e  e m b i r i c a l  d a t a  a r e  c o n s i s t e n t  w i t h  t h e  dy- 
namic c h a r a c t e r i s t i c s  r e s u l t i n g  from t h e  cor respondinu  d i f f e r e n c e  
( o r  d i f f e r e n t i a l )  e q u a t i o n .  
Two s h o r t  examples w i l l  supplement t h e  t h e o r e t i c a l  argument. 
F i r s t , l e t  us suppose t h e  t r e n d  f u n c t i o n  t o  be e x p o n e n t i a l .  A 
well-known p r o p e r t y  o f  e x p o n e n t i a l  f u n c t i o n  i s  t h a t  f o r  A t  = 
c o n s t a n t ,  t h e  cor responding  r e l a t i v e  changes o f  f ( t )  a r e  a l s o  
c o n s t a n t .  Hence, t h e  e m p i r i c a l  a n a l y s i s  should  c o n s i s t  i n  t h e  
a p p l i c a t i o n  o f  an a p p r o p r i a t e  s t a t i s t i c a l  t e s t  f o r  t h e  hypo thes i s  
t h a t  t h e  observed r e l a t i v e  changes of  t h e  endoqenous v a r i a b l e  o f  
t h e  nodel  d i f f e r  among each o t h e r  on ly  i n  a ran do^. way. 
1 2 ) 0 n  t h e  o t h e r  hand 7, can be thought  of  a s  s y n t h e t i c  f o r e c a s t  
based on t h e  var iouk cons ide red  t r e n d  functions f i ( t ) .  
B The second example r e f e r s  t o  power f u n c t i o n  Y = a t  . A s  
can e a s i l y  be v e r i f i e d  f o r  t h i s  c l a s s  o f  f u n c t i o n ,  t h e r e  i s  
Hence, t o  check i f  t h e  t r e n d  i s  r e p r e s e n t e d  by t h i s  t y p e  o f  
f u n c t i o n  one may tes t  i f  t h e  r e l a t i v e  changes o f  Y a r e  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  va lue  o f  t ime v a r i a b l e .  
The approach c o n s i s t i n g  i n  t h e  a n a l y s i s  o f  dynamic proper-  
t ies of  v a r i o u s  f u n c t i o n s ,  d e r i v e d  from t h e i r  d i f f e r e n c e  o r  d i f -  
f e r e n t i a l  equa t ion ,  r e s u l t s  i n  an a p r i o r i  e l i m i n a t i o n  o f  a  num- 
b e r  o f  f i ( t )  f u n c t i o n s .  Th i s  u s u a l l y  l e a d s  t o  narrower  r eg ion  
o f  f u n c t i o n a l  u n c e r t a i n t y  o f  i n f e r e n c e .  
6 .  UNCERTAINTY ABOUT THE VALUES OF 
EXPLANATORY VARIABLES OF THE MODEL 
Here, a  number o f  d i f f e r e n t  approaches a r e  p o s s i b l e ,  t h e i r  
c h a r a c t e r  vary ing  acco rd ing  t o  t h e  amount o f  i n fo rma t ion  a v a i l -  
a b l e  about  t h e  p r e d i c t e d  t i r i le  pe r iod  and t o  t h e  d e s i r e d  l e v e l  
o f  s o p h i s t i c a t i o n  o f  t h e  a n a l y s i s .  
The s i m p l e s t  p rocedure  which can be used when t h e  e x a c t  
v a l u e s  o f  t h e  exp lana to ry  v a r i a b l e s  a r e  n o t  known c o n s i s t s  i n  
computing a  se t  of  p r e d i c t i o n s ,  each o f  them cor responding  t o  
a  d i f f e r e n t  assumption abou t  X i T t s .  Although ve ry  s imp le ,  t h i s  
p rocedure  i s  n o t  t o  be h i g h l y  recommended s i n c e ,  i n  f a c t ,  it 
does  n o t  p rov ide  a  s t r a i g h t f o r w a r d  answer t o  t h e  ques t ion :  
what w i l l  be t h e  va lue  o f  t h e  p r e d i c t e d  v a r i a b l e  a t  t i m e  T? 
I n s t e a d ,  t h i s  approach p rov ides  a  number d f  answers l e a v i n g  
open t h e  q u e s t i o n  o f  t h e  de te rmin ing  c o n d i t i o n s  f o r  YT. 
Another s imple  approach,  used o f t e n  i n  economet r ics ,  is  t o  
r e l y  on the  observed t r e n d s  of  exp lana to ry  v a r i a b l e s .  1 3 )  
~ e t  
g1 ( t )  ,g2 ( t )  ,. . . , gk ( t)  be t h e  observed t r e n d s  o f  t h e  v a r i a b l e s  
Xi e n t e r i n g  model ( 1  . By e x t r a p o l a t i n g  t h e s e  t r e n d s  f o r  
t = T I  one g e t s  t h e  approximate va lues  of  XiT1 S .  Obviously ,  
t h e  e f f i c i e n c y  o f  t h i s  method depends on t h e  f i t  o f  t r e n d  func- 
t i o n s  g i ( t )  w i t h  real d a t a  and on t h e  v a l i d i t y  of  such t r e n d s  
a l s o  f o r  p e r i o d s  p o s t e r i o r  t o  sample i n t e r v a l  T and t h i s  i n  t u r n  
0 ' 
depends on t h e  p r e d i c t i v e  de l ay  of  t h e  model. 
I n  c o u n t r i e s  w i th  planned economies one uses  sometimes 
p l an  t a r g e t s  a s  XiT va lues .  A b e t t e r  approximat ion,  however, i s  
provided by produc ts  ciXiT , where XiT denotes  p l a n  t a r g e t  
f o r  p e r i o d  T and ci i s  a  p o s i t i v e  c o e f f i c i e n t  e x p r e s s i n g  t h e  
expec t ed  degree  of  f u l f  i l l n e n t  o f  such t a r g e t .  
I f  t h e  exp lana to ry  v a r i a b l e s  ( o r  a t  l e a s t  some of  them) 
can be  cons ide red  a s  random 1 4 )  and t h e i r  p r o b a b i l i t y  d i s t r i b u -  
t i o n s  i n  t i m e  T is  known, it i s  p o s s i b l e  t o  b u i l d  t h e  so -ca l l ed  
p r e d i c t i o n s  averaged wi th  r e s p e c t  t o  t h e  d i s t r i b u t i o n  of ex- 
p l a n a t o r y  v a r i a b l e s .  For t h e  s a k e  o f  s i m p l i c i t y ,  l e t  u s  assume 
t h e  model t o  be l i n e a r  ia:ld hence o f  form ( 2 )  ) and l e t  GT ( x )  
b e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  func t ion  o f  t h e  exp lana to ry  
3 ,  The r e l a t i v e l y  common use  o f  t h i s  approach i n  economet r ics  
s t e m s  from t h e  f a c t  t h a t  economic v a r i a b l e s  ve ry  o f t e n  
e x h i b i t  we l l  pronounced t r e n d s .  
l 4 ) I n  p a r t i c u l a r ,  o n l y  some of  t h e  exg lana to ry  v a r i a b l e s  nay 
be  random. L e t  us  n o t e  a l s o  t h a t ,  a s  a  r u l e ,  a  l agged  endo- 
genous v a r i a b l e  appear ing  a s  exp lana to ry  must be  t r e a t e d  a s  
a random one s i n c e  i n  t i m e  t - L  it i s  i n f l u e n c e d  by - by 
d e f i n i t i o n  a  random v a r i a b l e .  
v a r i a b l e s  i n  t i m e  T. P r e d i c t i o n  averaged w i t h  r e s p e c t  t o  t h i s  
d i s t r i b u t i o n  is  d e f i n e d  a s  ( s e e  Pawlowski ( 1968) ) 
where A x  denotes  t h e  r e g i o n  o f  p o s s i b l e  v a r i a t i o n  o f  t h e  ex- 
p l ana to ry  v a r i a b l e s  o f  t h e  model. A f t e r  a number of  ea sy  
t r ans fo rma t ions  (13) can be expressed  i n  t h e  fo l lowing  s imple  
form 
Thismeans t h a t  g e t t i n g  an unbiased p r e d i c t i o n  i n  t h e  
1 presence  of  random exp lana to ry  v a r i a b l e s  c o n s i s t s  i n  s u b s t i -  
t u t i n g  f o r  t h e s e  v a r i a b l e s  t h e i r  expected va lues  a t  t i m e  T and 
equa t ing  t h e  random component t o  zero .  I t  can be shown a l s o  
( s e e  Pawlowski ( 1973b) ) t h a t  t h e  v a r i a n c e  o f  p r e d i c t i o n  (14)  
i s  equa l  t o  
2 2 I n  t h i s  formula D ( X i T )  s t a n d s  f o r  t h e  v a r i a n c e  of X i T I  D (bi)  
is t h e  va r i ance  of  t h e  e s t ima te  of  Bi whi le  t h e  symbol c o v ( - )  
e L denotes  covar iance .  F i n a l l y  oT r e p r e s e n t s  t h e  v a r i a n c e  o f  t h e  
random component 5 i n  t i m e  T .  
BY s i m i l a r  argument a s  t h a t  Leading t o  p r e d i c t i o n  ( 1  3 )  one 
can a l s o  b u i l d  p r e d i c t i o n s  i n  t h e  c a s e  when X i T 1 s  a r e  known w h i l e  
t h e  s t r u c t u r a l  2 a r a m e t e r s  a r e  random. I f  H ( B )  i s  t h e  prob- 
a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  o f  s t r u c t u r a l  pa r ame te r s  t h e n  
p r e d i c t i o n  averaged  w i t h  r e s p e c t  t o  v a r i a t i o n  o f  p a r a m e t e r s  i s  
d e f i n e d  a s  
which f i n a l l y  l e a d s  t o  t h e  fo rmula  
The v a r i a n c e  o f  p r e d i c t i o n  i n  t h i s  c a s e  i s  p rov ided  by t h e  
obv ious  m o d i f i c a t i o n  o f  ( 1 5 ) .  One n i g h t  c o n s i d e r  a l s o  p r e d i c -  
t i o n s  averaged  b o t h  w i t h  r e s p e c t  t o  random v a r i a t i o n  o f  s t r u c -  
t u r a l  pa r ame te r s  and o f  e x p l a n a t o r y  v a r i a b l e s  
The s e a r c h  f o r  t h e  v a r i a n c e  o f  p r e d i c t i o n  l e a d s  nos ,  however, t o  
a ve ry  compl i ca t ed  formula .  
F i n a l l y ,  two o t h e r  approaches  can be  mentioned.  I f  t h e  
v a l u e s  o f  t h e  e x p l a n a t o r y  v a r i a b l e s  i n  t i m e  T a r e  unknown when 
p r e d i c t i o n  i s  made, one  can a l s o  make u s e  o f  t h e  concep t  o f  
o p t i m i s t i c  and p e s s i m i s t i c  p r e d i c t i o n  o r  t h a t  o f  a l t e r n a t i v e  
 he s i t u a t i o n  o f  random v a r i a t i o n  o f  pa r ame te r s  h a s  a l r e a d y  
been i n t r o d u c e d  i n  s u b s e c t i o n  4b of  t h i s  pape r .  
p r e d i c t i o n s .  These two methods have been d e s c r i b e d  i n  d e t a i l  
by Pawlowski ( 1  978b) s o  t h e r e  seems no p o i n t  t o  r e p e a t  t h e  
r e s p e c t i v e  a l g o r i t h m s  i n  f u l l  d e t a i l s .  
It  must be  p o i n t e d ,  however, t h a t  t h e  r a t i o n a l e  o f  o p t i m i s t i c  
and p e s s i m i s t i c  p r e d i c t i o n s  can  a l s o  be  used i n  t h e  c a s e  o f  ran- 
don s t r u c t u r a l  pa rame te r s .  To t h i s  g e n e r a l i z a t i o n ,  w e  s h a l l  
devote  now some space .  
S i n c e  t h e  e x p l a n a t o r y  v a r i a b l e s  assume p o s i t i v e  v a l u e s  
t h e r e  i s  no need - a s  i n  t h e  c l a s s i c a l  case o f  p e s s i m i s t i c  and 
o p t i m i s t i c  p r e d i c t i o n s  - t o  s u b d i v i d e  t h e  se t  o f  e x p l a n a t o r y  
v a r i a b l e s  i n t o  two s u b s e t s .  I n  o r d e r  t o  b u i l d  an o p t i m i s t i c  
p r e d i c t i o n  such v a l u e s  are s u b s t i t u t e d  f o r  s t r u c t u r a l  pa rame te r s  
which a r e  f a v o r a b l e  from t h e  v iewpoin t  o f  fo rmat ion  o f  t h e  
p r e d i c t e d  v a r i a b l e ,  t h e  p r o b a b i l i t y  o f  g e t t i n g  s t i l l  " b e t t e r "  
v a l u e s  f o r  each  of t h e s e  pa rame te r s  be ing  e q u a l  t o  a  p r e d e t e r -  
mined number E: .  S i m i l a r l y ,  f o r  b u i l d i n g  a  p e s s i m i s t i c  
p r e d i c t i o n  such v a l u e s  a r e  s u b s t i t u t e d  f o r  s t r u c t u r a l  pa rame te r s  
t h a t  t h e  p r o b a b i l i t y  o f  g e t t i n g  s t i l l  worse v a l u e  f o r  each  
paramete r  i s  equa l  t o  E . 
For  t h e  s ake  o f  example l e t  u s  assume t h e  model 
i n  which B 1  and B 2  a r e  assumed t o  be random v a r i a b l e s  w i t h  
r e c t a n g u l a r  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  o v e r  t h e  i n t e r v a l s  
( 0 . 4 ,  0 .8 )  and ( 1  - 0 ,  2 . 0 ) ,  r e s p e c t i v e l y .  L e t  us assume f u r t h e r  
t h a t  E = 0.1  and t h a t  t h e  v a l u e  o f  X f o r  t i m e  T i s  assumed t o  
be e q u a l  t o  5 .0  and t h a t  u t i l i t y  i s  an  i n c r e a s i n g  f u n c t i o n  o f  y .  
S i n c e  under  t h e  assumed d i s t r i b u t i o n s  t h e r e  i s  
P{B :: 0 . 7 6 1  = 0 .1  and p{a2 2 1.91 = 0 . 1  1 1 
hence ,  t h e  o p t i m i s t i c  p r e d i c t i o n  i s  
On t h e  o t h e r  h a n d ,  a s  o n e  f i n d s  t h a t  
P{Bl i 0 . 4 4 )  = 0 . 1  and  ~ ! B ~ $ 1 . 1 )  = 0.1  , 
s o  t h e  p e s s i m i s t i c  p r e d i c t i o n  i s  
Thus ,  t h e  i n t e r v a l  o f  u n c e r t a i n t y  o f  ? r e d i c t i o n  i s  ( 3 . 3 ,  5 . 7 ) .  
7 .  THE EFFECT OF NON-STATIONARITY OF 
THE PROBABILITY DISTRIBUTION OF St  
A n o t h e r  d i f f i c u l t y  o n e  is  l i k e l y  t o  come a c r o s s  when making a 
l o n g - t e r m  i n f e r e n c e  i n t o  t h e  f u t u r e  is t h e  r i s k  o f  coming a c r o s s  t h e  
n o n - s t a t i o n a r i t y  o f  d i s t r i b u t i o n  o f  t h e  random component  o f  t h e  
model .  T h i s  n o n - s t a t i o n a r i t y  d o e s  n o t  p r e c l u d e  comput ing  a p r e -  
d i c t i o n  b u t  i n t e r f e r e s  w i t h  g e t t i n ?  a c o r r e c t  i n f o r n a t i o n  a b o u t  
t h e  l e v e l  o f  i t s  a c c u r a c y .  E s p e c i a l l y  s e r i o u s  i s  t h e  s i t u a t i o n  
when t h e  v a r i a n c e  o f  S t  i n c r e a s e s  i n  t i m e  s i n c e  t h i s  means t h a t  
t h e  a c c u r a c y  o f  p r e d i c t i o n  w i l l  d e c r e a s e  s t e a d i l y  as t h e  p r e -  
d i c t i v e  d e l a y  o f  t h e  model becomes g r e a t e r .  
I f ,  f o r  some r e a s o n ,  t h e  model c a n n o t  b e  changed  s o  as t o  
a c h i e v e  t h e  s t a t i o n a r i t y  o f  d i s t r i b u t i o n  o f  S t ,  o n e  s h o u l d  a t  
l e a s t  a t t e m p t  t o  e s t i m a t e  how t h e  main d i s t r i b u t i o n  c h a r a c t e r -  
i s t i c s  depend o n  t i m e .  S i n c e  among t h e s e  c h a r a c t e r i s t i c s  t h e  
most  i m p o r t a n t  o n e  i s  t h e  v a r i a n c e  o f  5 w e  s h a l l  c o n c e n t r a t e  t 
2 
on  v a r i o u s  methods o f  a n a l y s i s  o f  t ime-dependence  o f  D ( S t ) .  
The f i r s t  method c o n s i s t s  i n  o b s e r v i n q  t h e  r e s i d u a l s  
A 
u  = yt - y t ,  where y t  d e n o t e s  o b s e r v e d  v a l u e  o f  Y v a r i a b l e  i n  t 
A 
t ime t E To and y t  i s  t h e  cor responding  t h e o r e t i c a l  v a l u e  com- 
pu ted  from t h e  model. Once t h e  r e s i d u a l s  are computed and 
o rde red  accord ing  t o  t h e i r  sequence i n  t i m e ,  t h e i r  a b s o l u t e  
v a l u e s  are then cons ide red  
I f  t h e  sequence (20)  can  b e  accep ted  a s  a random one  16)  t h e r e  
2  is  no ground t o  r e j e c t  t h e  hypo thes i s  t h a t  D ( c t )  i s  c o n s t a n t .  
I f  on t h e  c o n t r a r y ,  t h i s  sequence shows an  i n c r e a s i n g  t r e n d  
one n u s t  conclude t h a t  t h e  v a r i a n c e  i n c r e a s e s  i n  t i m e .  Time 
t r e n d  f i t t e d  t o  t h e  e lements  o f  (20)  p rov ides  t h e n  in fo rma t ion  
about  t h e  r e l a t i o n  o f  s t a n d a r d  d e v i a t i o n  o f  ct  w i t h  r e s p e c t  t o  
t ime v a r i a b l e .  E x t r a p o l a t i o n  o f  t h i s  r e l a t i o n  p rov ides  a n  
e s t i m a t e  of  D ( S t )  f o r  t h e  p r e d i c t e d  t i m e  pe r iod .  
The second p o s s i b l e  app roach to  t h e  a n a l y s i s  o f  t i m e  behavior  
2 
of  t h e  v a r i a n c e  D ( 5  ) c o n s i s t s  i n  u s ing  consecu t ive  subsanp le s ,  t 
a s  it was exp la ined  i n  s u b s e c t i o n  4a. S ince  t h e  model i s  e s t i m a t e d  
2 f o r  each subsample, an  e s t i m a t e  o f  D ( S t )  i s  a l s o  a v a i l a b l e  
2 2 
and t h e  s t a t i s t i c i a n  g e t s  a sequence s l ,  s2,  ..., s 2 
n-m+ 1 o f  
such e s t i m a t e s .  An a p p r o p r i a t e  a n a l y s i s  of  t h i s  sequence per -  
m i t s  t o  i n f e r  i f  t h e  sequence can be regarded  a s  a  random one 
o r  i f  it e x h i b i t s  a  time-dependence o f  subsample v a r i a n c e s .  1 7 )  
Discovery o f  such dependence a l l ows  f o r  e x t r a p o l a t i o n  o f  t h e  
v a r i a n c e  f o r  t ime p e r i o d  T. 
16)There  a r e  many t e s t s  f o r  t e s t i n g  t h e  hypo thes i s  of  random- 
n e s s  o f  a sequence o f  o b s e r v a t i o n s ,  such a s ,  f o r  i n s t a n c e ,  
t h e  v a r i o u s  run tests (see A.M. Mood [I9401 o r  any major 
text-book of  mathemat ical  s t a t i s t i c s ) .  
2 2 
') When looking  f o r  a t r e n d  i n  t h e  s l  , s2,  . . . , s 2 
n-m+ 1 s e q u e n c e i t  i s  
soinetimes more a d v i s a b l e  t o  c o n s i d e r  t h e  sequence of  s t a n d a r d  
d e v i a t i o n s  s1 , s2 , . . .  
'n-m+l s i n c e  t h e  l a t t e r  i s  less s u b j e c t  
2 I f  D (6  ) does i n c r e a s e  i n  t i m e  it  may sometimes happen t 
2 t h a t  D (5 ) w i l l  prove t o  be s o  l a r g e  t h a t  t h e  p r e d i c t i o n  i s  t 
v i r t u a l l y  u s e l e s s .  This  c a l l s  f o r  a  change o f  t h e  model and f o r  
s u b s t i t u t i o n  of  t h e  former one by ano the r  w i th  s m a l l e r  random 
va r i ance .  
8 .  EMERGENCE O F  NEW FACTORS 
This  i s  c e r t a i n l y  t h e  most d i f f i c u l t  problem s i n c e  it can- 
n o t  be d e a l t  w i th  by s t a t i s t i c a l  methods. The b e s t  method 
known s o  f a r  t o  cope w i t h  it i s  t o  use  e x p e r t s '  judqer2ents and 
t o  i n t r o d u c e  acco rd ing ly  an a p p r o p r i a t e  c o r r e c t i o n  t o  t h e  
p r e d i c t i o n  o b t a i n e d  from t h e  formal model. 
The weak p o i n t  o f  t h i s  method c o n s i s t s  i n  t h e  i m p o s s i b i l i t y  
t o  measure a p r i o r i  t h e  degree  o f  accuracy of  such c o r r e c t e d  
p r e d i c t i o n  which may prove l a t e r  - when t h e  periozd T o c c u r s  - 
t o  be very  poor. I f  a  p r a c t i c a l  a c t i o n  i s  based on p r e d i c t i o n  
t h e  danger of such s i t u a t i o n  i s  obvious .  
From t h e  formal p o i n t  o f  view t h e  c o r r e c t e d  p r e d i c t i o n  i s  
de f ined  a s  
( c o r r )  - 
Y~~ - Y T ~  + e c o r r  I 
where y  'Orr denotes  t h e  c o r r e c t e d  p r e d i c t i o n ,  
TP Y~~ 
i s  t h e  pre -  
d i c t i o n  computed by us ing  t h e  model and eco r r  s t a n d s  f o r  ex- 
p e r t s '  judgements about  t h e  impact  o f  t h e  new f a c t o r  which i s  t o  
i n f l u e n c e  t h e  behavior  of t h e  p r e d i c t e d  v a r i a b l e .  A l t e r n a t i v e l y ,  
i f  e x p e r t s  fo rmula te  t h e i r  op in ion  wi th  r e f e r e n c e  t o  r e l a t i v e  
changes,  t h e  c o r r e c t e d  p r e d i c t i o n  i s  de f ined  a s  
c o r r  
- 
Y~~ Y T ~ ( '  + e c o r r )  
9. HORIZON OF PREDICTION 
TO conclude t h e  argument abou t  long-term i n f e r e n c e  i n t o  
t h e  f u t u r e ,  one shou ld  emphasize t h e  f a c t  t h a t  such i n f e r e n c e  
cannot  go i n d e f i n i t e l y  f a r  i n t o  t h e  f u t u r e .  To have any prac- 
t i c a l  meaning p r e d i c t i o n s  must have an  adequa te  l e v e l  o f  
accuracy.  Although t h e r e  a r e  many ways t o  measure t h i s  
accuracy,  t h e  most commonly used method of  measurement i n  t h e  
c a s e  o f  unbiased p r e d i c t i o n  c o n s i s t s  i n  u s ing  t h e  v a r i a n c e  o f  
p r e d i c t i o n  d e f i n e d  a s  
I n  most p r a c t i c a l  c a s e s  t h i s  va r i ance  i n c r e a s e s  w i th  p r e d i c t i o n  
l e a d  and f o r  most t y p e s  o f  corrm.only used models it i s  found t h a t  
2  i n c r e a s e s  a s  f a r  a s  t h e  square  o f  p r e d i c t i o n  l e a d .  19) ('Tp) 
I n  consequence , beginning  wi th  a  f u t u r e  t i m e  p e r i o d  t2, t h e  
v a r i a n c e  i s  l a r g e r  t han  a  predetermined number d  cor responding  
t o  t h e  l i m i t i n g  a d m i s s i b l e  o r d e r  o f  p r e d i c t i o n  e r r o r .  Bes ides ,  
f o r  very  d i s t a n t  f u t u r e  t i m e  p e r i o d s  a l s o  t h e  b a s i c  precondi-  
t i o n s  o f  p r e d i c t i o n ,  even i n  t h e i r  r e l a x e d  form, a r e  n o t  met ,  
p r ec lud ing  thus  t h e  p o s s i b i l i t y  o f  r a t i o n a l  i n f e r e n c e  i n t o  t h e  
f u t u r e .  These two l i m i t a t i o n s  c a l l ,  t h e r e f o r e ,  f o r  a  c a r e f u l  
cho ice  o f  t h e  model t o  be used f o r  p r e d i c t i o n .  Such model must 
n o t  on ly  i n c l u d e  a l l  t h e  r e l e v a n t  ( o r  d e c i s i o n )  f a c t o r s  b u t  
must be t ime-robust  i n  t h e  s e n s e  o f  ensu r ing  t h e  p o s s i b i l i t y  o f  
p r e d i c t i o n  even f o r  d i s t a n t  t i m e  pe r iods .  
18 )Th i s  level i s  obv ious ly  determined a p r i o r i  by t h e  u s e r  o f  
prediction. 
"This  i s ,  f o r  i n s t a n c e ,  t h e  c a s e  o f  polynomial t r e n d  models. 
The s e t  o f  a l l  such f u t u r e  t i m e  p e r i o d s  f o r  which s i n u l -  
t aneous ly  two c o n d i t i o n s  a r e  f u l f i l l e d ,  namely: a )  t h e  b a s i c  
p r e c o n d i t i o n s  o f  p r e d i c t i o n  a r e  t r u e ,  b )  t h e  degree  o f  accuracy 
of  p r e d i c t i o n  i s  admis s ib l e ,  de te rmines  t h e  s o - c a l l e d  
hor izon  o f  p r e d i c t i o n  ( s e e  Pawlowski, 1978b) . 
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